We present a study of the flavor symmetry breaking in the pion spectrum for various improved staggered fermion actions. To study the effects of link fattening and tadpole improvement, we use three different variants of the p4 action -p4fat3, p4fat7, and p4fat7tad. These are compared to Asqtad and also to naive staggered. To study the pattern of symmetry breaking, we measure all 15 meson masses in the 4-flavor staggered theory. The measurements are done on a quenched gauge background, generated using a one-loop improved Symanzik action with β = 10/g 2 = 7.40, 7.75, and 8.00, corresponding to lattice spacings of approximately a = .31 fm., .21 fm., and .14 fm. We also study how the lattice scale set by the ρ mass on each of these ensembles compares to one set by the static quark potential.
I. INTRODUCTION
Lattice QCD is the only first-principles technique to calculate various important quantities where the strong nuclear force is an important effect. However, the discretization of QCD on a lattice is plagued by many difficulties. Among them is the existence of doubler modes, which turns one flavor of quark in the continuum limit into 16 flavors on a lattice. Several different methods have been used to eliminate these doubler modes.
One such method was introduced by Kogut and Susskind and involves a thinning of the fermion degrees of freedom by "staggering" the components of the Dirac spinor over a four-dimensional hypercube. While this only reduces the number of doublers from 16 to 4, staggered fermions are useful in that a remnant U(1) chiral symmetry is preserved.
However, staggered fermions mix the spin and flavor degrees of freedom, breaking flavor symmetry. As a result, of the 15 pions in the 4 flavor staggered theory, only the lightest pion is a true Goldstone boson, tending to m π → 0 as m q → 0. The other fourteen pions have their masses increased by O(a 2 ) terms in the lattice action that do not preserve flavor symmetry. These mass splittings fall into a pattern that reflects the remnant chiral symmetry on the lattice.
Several attempts have been made to improve the staggered fermion action, either by adding new terms to the fermion action (Naik [1] , p4 [2] ) or by using some variant of gauge-link smearing [3] [4] . In this work, we examine how well some of these improvements do in reducing flavor-symmetry breaking by calculating the masses of all 15 pions in the staggered theory on a quenched background. The flavor symmetry of the pion spectrum has been previously examined on quenched lattices with the naive staggered action [5] and on dyanmical lattices with the Asqtad action [6] .
The study of flavor symmetry breaking is especially important for simulations of finitetemperature QCD, where chiral symmetry and the dynamics of the the lightest mesons play a crucial role in determining the universal properties of the QCD phase transition. Different variants of the staggered fermion action are used in finite-temperatures simulations because they are numerically inexpensive and naturally allow for O(a 2 ) improvement through the addition of a Naik or p4 term [7] [8] . Since finite-temperature simulations are currently only feasible for rather small temporal extents (N τ = 4, 6, 8), and thus very coarse lattices, flavor symmetry improvement is vital for this purpose.
In addition, we examine the scaling properties of these actions by comparing the lattice scales determined by m ρ to that set by the static quark potential (r 1 ). Typically, for the naive staggered action, the ratio of the scales set by m ρ and r 1 depends strongly on the lattice spacing, but studies [9] have shown that the Asqtad action has much better scaling properties than naive the staggered action. Here we test the scaling properties of the various p4 actions described above.
II. ACTIONS A. Staggered Action
The Kogut-Susskind action is written as:
where χ(x) is a one-component spinors and η µ (x) = (−1) x 0 +...x µ−1 are the staggered phases. By distributing the spinor degrees of freedom over a hypercube, the spin and flavor degrees of freedom are mixed by O(a 2 ) terms in the action. As outlined by Golterman and Smit [10] , there are multiple meson states on the lattice that correspond to distinct physical states. For example, there are 15 different operators, falling into 7 distinct irreducible representations that have the quantum numbers of a physical pion.
Because only a U(1) remanant of the continuum chiral symmetry group is preserved, only one of these 15 pions is a true Goldstone boson. The other 14 have masses have non-vanishing masses that are determined by the O(a 2 ) terms in the action.
B. Improved Staggered Actions
There have been several variants of staggered fermions that seek to improve upon the naive staggered formulation. Two notable examples that are the p4 [2] and Asqtad [3] actions. Both of these actions incorporate an additional three-link term in the fermion derivative. The p4 action includes a bent "knight's move" term, while Asqtad uses the straight Naik term [1] . These two terms are the minimal allowed modifications of the fermion derivative consistent with the symmetries of the staggered formulation.
A general action with both the Naik and the knight's move term is written as:
where
For the p4 action, c 1,2 = 1/24, c 3,0 = 0; the Naik action has c 1,2 = 0, c 3,0 = −1/48. In the free-field limit, the Naik action eliminates the O(a 2 ) errors in the quark propagator. The p4 action is chosen to remove the violations to rotational symmetry in the quark propogator through O(p 4 ).
C. Gauge Link Smearing
It has beens shown that gauge link smearing helps reduce the amount of flavor symmetry violation in the fermion action [3] . Gauge link smearing involves replacing the one-link term in the fermion action with some linear combination of gauge invariant staples that connect nearest-neighbor sites.
The p4fat3 action has been used previously in thermodynamic simulations [11] . Only the three-link staple is included for p4fat3. The smearing coefficients for the Asqtad action are chosen to cancel out the tree-level violations of flavor symmetry. The Asqtad action is also tadpole-improved, and includes the planar, 5-link Lepage term to cancel out the O(a 2 ) errors introduced by the smearing procedure [3] . The smearing coefficients for p4fat7 and p4fat7tad are determined in the same manner as in Asqtad, but the Lepage term is omitted. In addition, we compare the tadpole-improved p4fat7tad action with the p4fat7 action in order to test the effects of tadpole improvement A full summary of the smearing parameters can be found in Table I .
III. SIMULATION A. Gauge Action
To test the properties of the various actions, we measure the meson spectrum on quenched gauge backgrounds with β = 10/g 2 = 7.40, 7.75, 8.00 using a one-loop improved Symanzik action. For each value of β, we generated 100 configurations. For β = 7.40, 7.75, we used a volume of 16 3 × 32 and separated configurations by 1000 sweeps of the gauge heat bath algorithm. For the finest ensemble, β = 8.00, we separated configurations by 500 sweeps, on a volume of 24 3 × 32. These gauge configurations match those used previously to test the scaling behavior of the Asqtad action [9] .
B. Sources
Following Ref. [5] , we calculate the quark propagator for eight different wall sources on each configuration by solving using the standard conjugate gradient technique.
where the summation over 2 y goes over all the unit cubes at time slice t = 0 and A labels each of the eight different corners of a 3-D unit cube. We combine the quark propagators that we obtain into meson propagators:
The 64 different meson operators fall into irreducible representations that can be written as linear combinations of the meson propagators defined above using the symmetric shift operator D A .
δ and φ( A) are specified for each irreducible representation. Table II lists the details for all the meson representations. For us, only the meson operators that correspond to a physical pion are of interest. Henceforth, we shall label the meson states using the conventions set forth in [5] , which labels meson states by their transformation properties under the lattice symmetry group (r σsσ 123 ).
C. Measurements
For each set of configurations, we measured the 15 different π propagators for at least three different values of m q . These values are chosen so that m π falls into approximately the same range for the different actions. By using three masses, we can extrapolate to the m q → 0 limit. Values of m π were then extracted by fitting to the form:
where m + and m − denote the masses of opposite parity states. For β = 8.00, we use a fitting range of 6 − 16; for β = 7.75, we use a range of 5 − 16; and for β = 8.00, we use 4 − 16 except for staggered fermions, where the larger masses requires us to use a fitting range of 3 − 16 to obtain a good signal. Tables III-VII show the values for m π that we have obtained. While we measure masses for all 15 operators, several of the operators are related by lattice symmetries and fall into degenerate triplets. Our data confirms this expected degeneracy, so we have quoted only one value for each of these triplets by averaging together the propagators for each of the operators. As a result, we are left with 7 distinct masses for each set of measurements.
The errors are calculated by using the jackknife method with a block size of one configuration. While we only quote statistical errors, there is an additional systematic error associated with varying the fit range. For most of the measurements, this effect is smaller than the quoted statistical error. However, for the coarsest lattices at β = 7.40, some of the operators have a poorer signal and the resulting masses have systematic errors that may exceed the statistical errors in some cases.
The vector meson mass m ρ is measured using the same procedure as outlined above, but we measure only the local representation r σsσ 123 = 3 ′′ + +. The fitting ranges that we use for m ρ match those used for the pions.
IV. RESULTS

A. Flavor symmetry breaking
Our data in Tables III-VII show that the π spectrum for each fermion action falls into the same general pattern shown by previous studies [5] . The state corresponding to the Goldstone pion (r σsσ 123 = 1 + −) is clearly lighter than the other pions. We also expect the splittings to be O(a 2 ), and indeed the mass differences are smallest for the finest lattice (β = 8.00) and largest for the coarsest lattice (β = 7.40). Because we use a Symanzikimproved gauge action, the mass splittings for all actions are also reduced compared to unimproved gauge actions [12] .
In general, we expect the different representations to yield different masses. However some of the representations are degenerate at O(a 2 ), differing only at O(a 4 ) [13] . In particular, we expect the following pairs of representations to be nearly degenerate: 1 + + and 3 ′′ − −, 3 ′′ − + and 3 ′′ + −, and 3 ′′ + + and 1 − −. This approximate degeneracy is evident for each of the fermion actions. Our precision is not enough to discern the expected pattern of O(a 4 ) splittings. Using the data collected in Tables III-VII , we extrapolate each of the 15 different pions to the chiral limit (m q → 0). These fits were done using the expected chiral form: Figure 1 shows the result of a typical chiral fit for each of the 7 distinct representations. Tables VIII-X give the full result of these extrapolations. In the continuum limit, we expect the Goldstone pion to have vanishing mass as m q → 0. In our case, m π does not vanish at m q = 0 due to finite volume effects. Figures 2-4 show the chiral extrapolated values of m π for the different fermion actions. The flavor symmetry breaking, characterized by the mass of the non-Goldstone pions, is worst for naive staggered fermions of all the actions tested. The p4fat3 action, which uses three-link smearing, is a significant improvement over the naive staggered action. However, the three highly-improved actions (Asqtad, p4fat7, p4fat7tad) show the best flavor-symmetry characteristics. These three actions give similar results. For β = 7.40, p4fat7 and Asqtad agree to within statistical errors, while p4fat7tad is slightly better. For β = 7.75 and β = 8.00, the p4 actions are slightly better than Asqtad, and tadpole improvement seems to have little effect -p4fat7 and p4fat7tad agree to within errors. Figure 5 shows the mass splitting as a function of a 2 . As expected, the quantity m We also measured the vector meson mass m ρ for several different values of m q . Table XI gives m ρ extrapolated to the m q → 0 limit using the linear chiral form:
We wish to compare the scale determined by m ρ with the parameter r 1 extracted from the static quark potential. The values for r 1 that we use are calculated by the MILC collaboration on these lattices and are used in Ref. [9] to check the scaling of the Asqtad action. r 1 /a = 1.44(1), 2.08(5), 2.653(10) for β = 7.40, 7.75, 8.00 respectively. Figure 6 shows m ρ r 1 plotted against the lattice spacing (a/r 1 ) 2 . For Asqtad and p4fat3 actions, m ρ r 1 does not change appreciably over this range. For p4fat7 and p4fat7tad, we seem to see a 10% decrease in m ρ r 1 from the finest lattice to the coarsest lattice.
V. CONCLUSIONS
We have made a detailed comparison of the various different variants of improved staggered actions as they relate to flavor symmetry breaking in the π spectrum and the scaling of the ρ mass.
As expected, the flavor symmetry violations are most severe for the coarsest lattices. All four variants of improved staggered fermions (Asqtad, p4fat3, p4fat7, p4fat7tad) exhibit much better flavor symmetry properties than naive staggered fermions. It seems that gaugelink fattening is the most important factor in these improvements. While the p4fat3 action is better than normal staggered, it is noticeably worse than the more highly improved actions. Among the three actions which employ the most smearing (Asqtad, p4fat7, p4fat7tad), it seems like the p4 variants are very slightly preferred to Asqtad. Also, tadpole improvement seems to have very little affect on the pattern of flavor symmetry breaking.
As for m ρ , we find that all the improved actions show only mild deviations from scaling in the set of ensembles that we have examined. All of them perform better than naive staggered, although p4fat7 and p4fat7tad show a 10% variation in m ρ r 1 . (2) (3) (2) 
